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Abstract—With variation of parameters, DC-DC converters
may change from a stable state to an unstable state, which
severely degrades the performances of the converter system. In
this article, by establishing the state-space average model, the sta-
bility and bifurcation of a boost and a buck-boost converter with
energy balance control (EBC) is studied, respectively. Then the
stability boundary and stable parameter domains are accurately
predicted. The obtained stability region provides a parameter
regulating range for converter design. Furthermore, compared
with the one-cycle control (OCC) method, the EBC possesses
an extended stable parameter domain, while avoiding unstable
behaviors such as Hopf bifurcation, Quasi-periodic Oscillation
even chaos, etc. The theoretic analysis is well validated through
simulation and experiment.

Index Terms—DC-DC converter, energy balance control,
average model, slow-scale stability.

I. INTRODUCTION

ITH increasing demands in industrial applications,
anrious linear or non-linear control methods such as
current-mode control, voltage-mode control, hysteresis control
method, model predictive control (MPC), one-cycle control
(OCC), model predictive control, bang-bang control and en-
ergy balance control (EBC) [1]-[10], have been developed
for good dynamic and steady performances. Where the EBC
method can achieve one-cycle response since it keeps output
energy equal to input energy directly in each switching cycle,
which ensures its great disturbance suppression ability to the
power source and fast dynamic response to load variations, etc.
These advantages make it achieve rapid application in recent
years.

A power electronic converter is a highly nonlinear system,
so it is prone to exhibit Hopf bifurcation, sub-harmonic os-
cillation, chaos of many abundant nonlinear behaviors. These
nonlinear behaviors lead to instabilities of the converter sys-
tem. In details, with variation of parameters, an inverter with
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the current-mode control exhibits higher periodic solutions
and chaos [11]. In a voltage-mode controlled converter, the
Neimark-Saker bifurcation and border collision have been
found in the system, which can cause system instability [12].
Due to the advantages of easy implementation and fast load
dynamic response, the V2 control method has been extensively
used in converters. However, in [13], [14], it was reported
that, once the duty ratio exceeds 0.5, sub-harmonic oscillations
occurs, and by building the averaged model, ripple oscillation
instability was investigated. In [14], the sub-harmonic oscilla-
tions of the buck converters with V2 and V2. control were
analyzed. Neimark-Sacker bifurcation are proven to exist in the
OCC buck-boost converter in [15]. A Cuk converter based on
OCC was analyzed and bifurcation was found in the input side
of the converter under the variation of some parameters [16].
Studies on a boost converter with the OCC show that the boost
converter can be stable in the state of period I in DCM, but in
CCM, it can not have stable operation due to low-frequency
oscillation [17]. In [18], the transient response characteristic
of the three-phase VSCs when the grid voltage dips has been
studied, then a serious bifurcation phenomenon was found
in the system. The nonlinear dynamics of interconnected
power converters has been analyzed in [19]. The nonlinear
phenomenon based on a constant power load was analyzed and
a sliding mode control method was proposed to ensure stable
operation under load variations. Power converters based on a
non-ideal power grid have been studied in [20] and bifurcation
boundaries were identified. In [21], a DC cascaded system,
which consists of two DC-DC converters with average current
mode control, has been considered. Slow time scale insta-
bility was observed from its discrete-time analysis, computer
simulations and experiments. By using bifurcation diagrams,
period doubling and subharmonic oscillation were found in the
boost converter with constant power loads [22]. These pub-
lished works show clearly that there exists complex nonlinear
behaviors, i.e., Hopf bifurcation, period doubling bifurcation
and even chaos in both linear feedback or non-linear feedback
controlled converters. Thus, studying the stability to define its
stable region is important for the design and application of a
novel control method.

The topic of this article is to analyze the stability of the
DC-DC converters using the EBC, define its stable parameter
domains and provide guidance for industrial applications. The
structure is as follows: Sections II and III derive the working
principle and average model of an EBC boost converter and an
EBC buck-boost converter, then the stability is analyzed based
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on their average models; Section IV carries out the simulation
and experimental verification; Section V gives the conclusions.

II. STABILITY ANALYSIS OF AN EBC BOOST CONVERTER
A. The Average Model of an EBC Boost Converter

Figure 1 is a diagram of an EBC boost converter, where
uj, represents the input voltage, ¢ represents the current of
the inductor, u. represents the voltage across the capacitor, %,
is the current of the load, u is the output voltage and 7 is the
switching cycle.
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Fig. 1. An EBC boost converter.

The energy balance in the circuit means that energy that
was put into the circuit Wiy (n) equals the sum of the energy
the load consumed Wy, (n), the energy that the reactive
components stored AWy(n) and the energy that the circuit
loses Ws(n) [10]. Under steady state, since the energy that the
inductor absorbs and releases is equal in each switching cycle,
AWy (n) can be neglected. Then neglecting the circuit energy
losses W;(n), the control equation of the boost converter can
be obtained as follows:

(n—1)Ts+ton(n)
/ Ui tdt = (Uref - Uin)ioTs (1)
(n—1)Ts
Then the average model of (1) is obtained as:
uinid - (uref - uin)io (2)
where d, which can be expressed as t°“T(v"), represents the duty

cycle.
From (2), d can be derived as:
d— (uref - uin)io(t) o (uref - uin)u
= . = . 3)
Uin Uint R
As shown in Fig. 1, the EBC is constituted by a RS flip-
flop, an comparator and an integrator. During the n'" switching
period, switch S is turned on by a clock pulse; at this moment,
the integration process starts. The output value of the integrator
continuously increases and is instantaneously compared with
the control reference. Once the integration value reaches the
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control reference, the comparator generates a reset pulse, then

the output end @ is changed to be 0. The state of S is changed

from on to off. Meanwhile, the integrator resets to be zero. S

keeps the state of being off until the next clock pulse arrives,

at this moment, the (n + 1)' switching cycle starts [6], [7].
Such a converter is described as:

di  up 1-—s

at L L ¢
du U 1—-s.
&~ RmC O @

where s = 0 denotes that S is in the off-state, s = 1 denotes
that S is in the on-state.

Replaying s in (4) with d derived in (3), the state-space
averaging model of the EBC boost converter is deduced as
di in

i u u [ )

(et — uin)u}

dt L L uiniR
du u ) (uref - uin)u
— = -=|1-— 5
dt RC C { Uint R )
B. The Stability Analysis of the EBC Boost Converter
Setting % and %‘ in (5) to be 0, the equilibrium point can
be obtained as follows:
V= Uref
2
u
I = ref 6
wn R (6)

At such an equilibrium point, the Jacobian matrix can be
obtained as following.

uz(urcf - uin) 1 + 2(urcf - uin)u
J= Lu;, RI? L Uinl RL 7
1 1 (‘/ref - ‘/in)
c " RC CunR
Substituting (6) into the Jacobian matrix gets
(uref - uin)uinR Uref — 2uin
Lu? Lu,
J = 1 ref ur‘z (8)
c ~ CuwR

According to det[]AI — J] = 0, where I is a 2 x 2 unity
matrix, the characteristic equation is derived as follows:

FO) = ()\+ (Uret zszin)uinR> ()\+

ref

Uref _ Uref — 2’U/in
C’uinR LC’uref
Uin

LCUref

A second-order Padé approximation [23] is used for the
stability analysis of the converter. According to the second-
order Padé approximation, (9) is rewritten as follows:

(uref - uin)uinR
Lu?

ref

:/\2—1—[ ]A+ )

asr? + a1\ + ag (10)
where ay =1, a1 = 7("“‘22‘2“)"‘“1{ and ap = -,

According to Routh criterion [23], all roots are in the left
half plane in the stable condition of the system, and for a
second-degree polynomial, all a; are positive is a sufficient
and necessary condition to ensure that all roots are located in
the left side. Since .ot > i, holds in boost converters, thus
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as >0, a; > 0 and ag > 0 are obtained. Thus, no matter how
parameters change, the sufficient and necessary condition for
stability of the EBC boost converter are always met, which
shows wide stable parameter domains.

III. STABILITY ANALYSIS OF AN EBC BUCK-BOOST
CONVERTER

A. The Working Principle and Average Model of an EBC
Buck-boost Converter

Figure 2 is the structure of an EBC buck-boost converter,
where wu;, represents the input voltage, ¢+ denotes the current
flowing through the inductor, ¢, represents the current flowing
through the load, u. represents the voltage across the capacitor,
u represents the output voltage and T is the switching cycle.
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Fig. 2. An EBC buck-boost converter.

Similar to the principle of the EBC boost converter, under
the steady state, the energy balance in such circuit can be

written as:
(n—1)Ts+ton(n)
/ Uintdt = UrerioTs (11)
(n—1)Ts
Then the average model of (11) is obtained as:
uinid = urefio (12)
where d, which can be expressed as t‘”j‘,ﬂ, is the duty ratio.
From (12), d can be derived as: ‘
d— Urefio'(t) _ Urefu (13)
Uint Uint R

Similar to the implementation of the EBC boost converter,
during the n'" switching period, a clock pulse turns on
switch S; at this moment, the integration process starts. The
output value of the integrator W;,; continuously increases
from its initial value and is instantaneously compared with
the control reference. Once the integration value reaches the
control reference, the comparator generates a reset pulse, then
the output end () is changed to be 0. The state of S is changed
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from on to off. Meanwhile, the integrator resets to be zero. S

keeps the state of being off until the next clock pulse arrives;

at this moment, the (n + 1) switching cycle starts [6] [7].
Such a converter is described as:

ds Uin U

P P 4

at R A

du U i U

-2 1— 22

i~ wet U (c RC)
where s = 1 represents that S; is in the on-state, s = 0
represents that S; is in the off-state.

Replaying s in (14) with d derived in (13), the average state
space model of the EBC buck converter is deduced as follows.

(14)

ds UpefU  UpefU?
dt LR Luin R’
du 7 U UpefU

15)

B. The Stability Analysis of the EBC Buck-boost Converter

Setting % and % in (15) to be 0, the equilibrium point can
be obtained as follows:

V= Uyef s
uref(uin + uref)
Ruin

At such an equilibrium point, the Jacobian matrix is ob-

tained as follows:

I= (16)

B (uin + V)Vuref Uref 2urefv

_ | LRuwnwI?> LR " LRuy
J = l B L et a7

C RC RCUin

Substituting (16) into (17) gets
N Ruin Uref

— L(uin + urcf) L(uin + urcf)

J = l 7uin + Uret (18)
C CRuin

According to det[AI — J] = 0 and the second-order Padé
approximation, the characteristic quasi-polynomial equation

can be written as follows:
as\? 4 a1\ + ag (19)

Ruiy
L(win+uref)

+ (UintUrer)

RCur. and ag =

where as = 1, a1

Uin
LC(uintuyer) .
From (19), it is obvious that as > 0, a; > 0 and ag > 0.

Similar to the boost converter, with the EBC, the buck-boost
converter also has an extended stable parameter domain.

IV. SIMULATION AND EXPERIMENTAL VERIFICATIONS

To verify the theoretical analysis of the stability of the
EBC converter in the previous section, taking wu,er as the
example, the dynamic stability of the converters under varying
Uyrer 18 tested in simulation and experiment. To evaluate the
advantages of the EBC with wider stable parameter domains, a
comparative study to the one-cycle control (OCC) is presented.
Table I lists the circuit parameters of the converters. The
characteristic roots of the EBC and OCC DC-DC converter
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TABLE I
THE CIRCUIT PARAMETERS

Description uin (V) L (mH) C (uF) R () fs (Hz)
Boost converter 5 3 460 30 5000
Buck-boost converter 5 15 470 50 5000

based on these circuit parameters listed in Table I can be
calculated respectively. From Table II, it can be observed
that, when u,s+ < 10 V, the real part of the characteristic
roots of the OCC converter are negative, which means these
roots are located in the left-half plane, exactly as shown in
Fig. 3(a). Apparently, the converter is stable. However, when
uret > 10 V, the characteristic roots of the OCC converter
change to be positive real parts, thus the roots move gradually
toward the right-half plane. From Table II, it can be seen the
eigenvalues of the Jacobian matrix of the OCC boost converter,
thus the criteria is as follows [24]:

1) If the real parts of the eigenvalues of the Jacobian matrix
are negative, the converter operates stably.

2) If the real parts of the pair of complex conjugate eigen-
values change to be positive, which means that the eigen-
values move to the right-half plane, the Hopf bifurcation
occurs.

Thus when u.of < 10V, the OCC boost converter losses its
stability and exhibits Hopf bifurcation.

CSEE JOURNAL OF POWER AND ENERGY SYSTEMS, VOL. 9, NO. 5, SEPTEMBER 2023

TABLE 11
THE CHARACTERISTIC ROOTS OF THE BOOST CONVERTER
UNDER VARIED Uyef

Upef EBC OCC

7V A1,2 = —102.04 £ 712.172 Al,2 = —21.74 £719.12¢
8V A1,2 = —117.1875 £ 662.71  A1,2 = —14.49 + 672.82¢
9V A1,2 = —123.46 £ 662.36¢ A1,2 = —7.25 +634.45¢
10V Ap2 = —125.00 £ 588.811% A1,2 = 0+£601.93%

11V A2 =—123.97 £ 560.37¢ A1,2 = 7.25 £ 573.874
12V A1 = —121.53 £535.87% A1,2 = 14.49 £ 549.29¢
13V A2 =—118.34£514.49: A1,2 = 21.74 + 527.48i
25V A1 =—80=£372.19¢ A1,2 = 108.68 £ 364.85¢
30V A1o = —69.44 + 340.52¢ A1,2 = 144.90 £ 315.874

In contrast, Table II provides the characteristic roots of the
EBC boost converter under varying u,.¢. The calculated results
in Table II show that, when u..s = 7 V, the real part of the
eigenvalues are negative, and with the increasing of the value
of u,ef, the eigenvalues always have negative real part. Even
when u,ef increases to 30 V, the eigenvalue still have negative
real part. Such results illustrate the roots are always located
in the left-half side, as shown in Fig. 3(b), which illustrates
better stability of the converter with the EBC.

Such comparisons can be observed from the bifurcation
diagrams in Fig. 4. In Fig. 4, the bifurcation diagrams are

[ O 7 04 *i ]
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/ Uef * )'l O/ Upef 7V
/' 00 sy o Uy =25 V
500 _OOO Uper = ref 1500
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Fig. 3. The characteristic roots of the boost converter with variation of u,.¢. (a) OCC; (b) EBC.
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5 1
5 10 15

u (V)
(@)
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Fig. 4. The bifurcation diagram of the boost converter with variation of u,.¢. (a) OCC; (b) EBC.
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developed where u..¢ varies from 5 V to 15 V. It is found
from Fig. 4(a) that the system operates stably when u,f is less
than 10 V, however, when u,¢ is grater than 10 V, OCC boost
converter losses stability and exhibits oscillations. In contrast,
from Fig. 4(b), it can be found, even when wu,.; increases to
15 V, the EBC boost converter remain stable throughout.

Table III shows the calculated characteristic roots of the
OCC and EBC buck-boost converter. As shown in Table III,
when u,f < 8 V, the characteristic roots of the converter
using the OCC possess negative real parts, which are located
in the left-half side, as shown in Fig. 5(a). In these states, the
system can operate stably. However, the real parts change from
negative to positive when u,ef increases to 9 V. Thus the roots
move to the right-half side. In these states, the system loses
stable operation with the Hopf bifurcation or other non-linear
phenomenons occurring.

In contrast, from Table III, it is observed that, with the
varying of wu,.f, the characteristic roots always have negative
real parts. Therefore, the roots are always located in the left-
half side, as shown in Fig. 5(b). Such results illustrate the
converter is stable even though wu..¢ varies widely.

Figure 6 indicates the Bifurcation diagrams, from which
such comparisons can also be observed. Fig. 6(a) illustrates
the system is kept stable when wu,..¢ is less than 8.1 V, however,
when u.¢ is greater than 8.1 V, the OCC buck-boost converter
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TABLE III
THE CHARACTERISTIC ROOTS OF THE BUCK-BOOST CONVERTER
UNDER VARIED Uyef

Uyef EBC 0CC
4v i; TS = 1371+ 280,386
>V i; - :}1?1407'30; A2 = —10.64 % 266.09i
oV :\\; = OOT0% = 735+ 253814
[ i; T a0 = —3.90 & 243,080
8V i\; T a3 = —0.334 233570
oV i; z :;153699707 A1,2 = 3.34 £ 225.05¢
v i; T a3 = .00 +217.33i
v i; T a0 2 = 10,90 + 210,260
2v i; = AT A1p = 1477 £ 203720

oscillates. In contrast, from Fig. 6(b), it can be found, even
when u,er increases to 10 V, the EBC buck-boost converter
remain stable throughout.

A. Simulation Results of the Boost and Buck-boost Converter

Figures 7-10 display the simulation results of the EBC and
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Fig. 5. The characteristic roots of the buck-boost converter with variation of u..¢. (a) OCC; (b) EBC.
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Fig. 6. The bifurcation diagram of the buck-boost converter with variation of u,c¢. (a) OCC; (b) EBC.
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Fig. 9. Results of simulation of the OCC boost converter under u,ef = 8 V. Fig. 12. Result§ of simulation of the EBC buck-boost converter under u,of =
(a) u; (b) 1. 9 V. (a) u; (b) 4.

OCC boost converter. From Fig. 9, it is observed that, under bifurcation, leading to oscillations of the output voltage, as
Uret = 8 V, the converter kept steady operation with no non- shown in Fig. 10. Obviously, the converter loses stability and
linear phenomena occurring. But when u,¢¢ increases to 10 V,  works in a continuous oscillation mode. The bifurcations will
which is grater than 2 *u;,, the inductor current exhibits Hopf seriously affect performance of the system.
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Fig. 13. Results of simulation of the OCC buck-boost converter under u,of =
4 V. (a) u; (b) 3.

In contrast, Figs. 7 and 8 display the simulation results of
an EBC boost converter. From the results, it is observed that,
under upef = 8 V and uyer = 10 V, no non-linear phenomena
occur, which means the converter can maintain a stable state
under these parameters. Obviously, with the varying of w.f,
the converter can always keep stable operation.

Figures 11-14 show the simulation results of the EBC and
OCC buck-boost converter. From Fig. 11, it can be observed
that, under u,f = 4 V, no non-linear phenomena occur,
thus, the converter can operate stably. From Fig. 14, it is
observed that, when wu,¢r is increased to 9 V, the system loses
stable operation, Hopf bifurcation occurs. If u,. is continually
increased, other non-linear phenomena will occur. In contrast,
with the EBC, there is no bifurcation and other non-linear
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Fig. 14. Results of simulation of the OCC buck-boost converter under uyof =
9 V. (a) u; (b) 7.

phenomena occur under v, = 4 V and uer = 9 V. As shown
in Figs. 11 and 12, the converter with the EBC can keep stable
operation.

B. Experimental Results of the Boost and Buck-boost Con-
verter

According to the parameters listed in Table I, the exper-
imental prototypes are built respectively. In the experiment,
a Mosfet IRF640N and fast recovery diode BYW29-200 are
used. HALL sensors are chosen for measuring the voltage
and current. The control part of the experimental platform
is implemented by StarSim Control Block. Figs. 15 and 16
show the experimental results. It is observed from Fig. 15
that the experimental results confirm the simulation results of
Figs. 7-10. With the OCC, under u,.f = 8 V, the operation
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Results of experiment of the boost converter with variation of uyf.

(d) .= 10 V using EBC
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Fig. 16.

of the converter is stable and no bifurcation or other non-
linear phenomena occur. But the converter losses stability
when wu,¢ is increased to 10 V, the inductor current exhibits
oscillations due to the Hopf bifurcation, which leads to low-
frequency oscillations of the output voltage. In contrast, with
the EBC, under u,ef = 8 V, no non-linear phenomena occur,
the converter operate stably. And when wu,es is increased to
10 V, the converter can still operate stably. This means that
converters using the EBC produce more excellent dynamic
stability than converters using the OCC.

The results in Fig. 16 show the experimental results, which
confirm the simulation results in Figs. 11-14. The results
illustrate that, when u,f = 4 V, no non-linear phenomena
such as bifurcation is found in the OCC buck-boost converter.
However, with the increasing of wu..f, the converter losses
its stability. The inductor current exhibits oscillations, as
illustrated in Fig. 16(b). In contrast, from Fig. 16(c) and (d),
it is observed that, with the EBC, when wu,. = 4 V and
uref = 9 V, the converter can keep stable operation, no Hopf
bifurcation or other non-linear phenomena appear.

Thus, the simulation and experiment results are found to be
mostly in agreement with the presented theories, whereby the
EBC DC-DC converter system has more excellent dynamic
stability, which lies in wider stable parameter domains.

V. CONCLUSION

Taking a boost and a buck-boost converter as examples,
the dynamic stability and bifurcation of DC-DC converters
controlled by the EBC have been analyzed in this paper. At
first, the state-space averaged models have been built. Then
the stability boundary has been found and stable parameter
domains has been obtained by analyzing its Jacobian matrix.
The analysis results demonstrate the characteristic roots of

(d) ,..=9 V using EBC

Results of experiment of the buck-boost converter with variation of wyef.

the converter with the EBC are always located in the left
half plane, thus, the converter with the EBC has wider stable
parameter domains, which is reflected in no bifurcation or
other non-linear phenomena occurring with variation of the
circuit parameters. Take the reference output voltage for ex-
ample, simulation and experiment results are consistent with
the presented theories, which demonstrate that the EBC boost
and buck-boost converter can keep stable operation under the
varying of u..¢. No bifurcation or other slow-scale oscillation
phenomena occurs under change of the reference voltage. The
comparison with that of the OCC DC-DC converters illustrates
the EBC DC-DC converter system has more excellent dynamic
stability since it can maintain stable operation in a wider
domain of parameter ranges. Results reveal the advantage of
the EBC in non-linear stability while promoting development
of non-linear science study toward new control methods.
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